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DEPOSITION OF SMALL PARTICLES ON
SPHERICAL COLLECTORS UNDER
TURBULENT FLOW CONDITIONS

Hasan A. Mousa*

Department of Chemical Engineering, Jordan University of

Science and Technology, P.O. Box 3030, Irbid 22110,

Jordan

ABSTRACT

A model describing the deposition rate of small particles on spherical

collectors under turbulent flow conditions was derived. The

derivation was based on several assumptions, the most important

ones being that the small particles occupy an area equal to its

projected area on the surface of the collectors and no detachment

takes place. Three cases were considered: the small and the collector

particles are both monodisperse in size (case I), the small particles are

polydisperse while the collector particles are monodisperse (case II)

and finally the small and the collector particles are both polydisperse

in size (case III). The log normal distributions were used to represent

the polydisperse sizes.

INTRODUCTION

Many industrial processes produce effluent streams (mainly water) that

contain suspended small particles of different nature. The size of such small
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particles ranges from a few nanometers to several hundred microns. The removal

of such suspended solids may be accomplished by many separation techniques

such as adsorption, filtration, flotation, or settling. For example, in paper

recycling industry, flotation along with washing is used to remove ink particles

(1–5). In water and wastewater treatment, filtration, settling, and adsorption

techniques are used (6).

An alternative technique is to collect the suspended small particles on the

surface of collector particles (7–9). Deposition of various types of colloidal

particles on solid collectors has been studied extensively in literature. An

excellent review on particle transfer to solid surfaces can be found in Refs.

(10,11). Kamiti and van de Ven (12) and Xia et al. (13) used the impinging jet

technique to study the deposition of colloidal particles on glass surfaces. Clay and

calcium carbonate deposition on pulp fibers was studied (14–16).

Several attempts were made to model deposition of colloidal particles

under various flow conditions. Al-Jabari et al. modeled the flow and the

deposition of filler particles in packed beds of pulp fibers (17). Petlicki and van

de Ven theoretically studied the deposition of colloidal particles on spheroids in

simple shear flow (18). Mousa studied the deposition of colloidal particles on

solid spheres under simple shear flow conditions (19). In this article, the

deposition of spherical particles on spherical collector particles under turbulent

flow conditions will be described. The development will consider three cases:

the spherical and the collector particles are monodisperse in size (case I); the

spherical particles are polydisperse while the collector particles are

monodisperse (case II), and both the spherical and the collector particles are

polydisperse (case III).

THEORETICAL DEVELOPMENT

Consider a suspension containing certain small particles and collector

particles. The small and the collector particles are assumed spherical in shape of

mean diameters d and D, respectively such that D . d: The number of the small

and the collector particles per unit volume is n and N, respectively. Upon

subjecting the suspension to a stirring action, the small and the collector particles

will collide with each other. This will lead to the deposition of the small particles

on the surface of the collector particles. The rate of deposition of the small

particles is equal to the rate of change of the total number of the small particles,

2dn/dt, remains suspended. To derive an expression for dn/dt, the following

assumptions will be made: first, the bonding between the small and the collector

particles is strong so that no detachment takes place. This is valid in systems

where surfactant is added to enhance deposition or in the case where the small

and the collector particles have opposite charges. Second, the small particles are
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stable and they do not coagulate. Hence, the decrease in the number of small

particles is only due to its deposition on the collector’s surface. Third, the small

particles form monolayer coverage on the collector’s surface. This assumption is

a consequence of the second assumption since the small particles are stable and

have no affinity for each other. Fourth, low area coverage is assumed so that the

small particles have equal access to the collector’s surface regardless of its size.

Finally, the deposition efficiency of the small particles is independent of its size.

A mass balance on a unit volume of the suspension shows that (20)

dn=dt ¼ 2yað1 2 uÞ ð1Þ

where t is the time, y the collision frequency between the small and the

collector’s particles, u the fractional area coverage, i.e., the fraction of the total

surface area of the collector covered with the small spheres to the total surface

area of the collector particles, and a the collision efficiency defined as the number

of collisions that lead to deposition (successful collisions) to the total number of

collisions. The following analysis will consider three cases: case I, both the small

and the collector particles are monodisperse in size; case II, the small particles are

polydisperse whereas the collector particles are monodisperse; case III, both the

collector and the small particles are polydisperse.

Case I: Monodisperse Small Particles

The collision frequency between a small particle of size v and a collector

particle of size V in stirred vessel can be written as (20,21)

y ¼
9p

2

� �1=3

ðv2=3 þ V 2=3Þð�u2ðvÞ þ �U2ðVÞÞ1=2nN ð2Þ

where �u2ðvÞ and �U2 ðVÞ are the mean square fluctuation velocities of particles of

volume v and V, respectively (20). For isotropic fluids in which Re . 10; 000

(where Re is the Reynolds number based on the vessel diameter), ū and Ū are

given by

�u2 ¼ K12=3v2=9 ð3Þ

�U 2 ¼ K12=3V 2=9 ð4Þ

In Eqs. (3) and (4), K is a constant (21,22) and 1 the distribution of energy

dissipation given (21–24).

1 ¼ Cv3L2 ð5Þ
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where v is the stirrer speed, L the impeller diameter, and C a constant that

depends on the geometry of the vessel and the agitator. Combining Eqs. (1)–(5),

noting that v ¼ pd 3=6 and V ¼ pD3=6 results in the following equation

dn

dt
¼ 2C1½d

2 þ D 2�½d 2=3 þ D2=3�1=2nNað1 2 uÞ ð6Þ

where C1 ¼ 3K 1=2ðp=6Þ10=911=3.

The area coverage can be related to n as follows. Let n0 be the number of

small spheres per unit volume at t ¼ 0: Moreover, let ns be the number of small

spheres deposited on the surface of the collector per unit volume. At any time, it

can be written that

n0 ¼ n þ ns ð7Þ

Assuming that each particle occupies an area equal to its projected area, pd 2/4,

on the surface of the collector particle, then

u ¼
Area covered by the solid spheres

Total surface area of the collector particles
¼

d 2ns

4D2N

¼
d 2ðn0 2 nÞ

4D2N
ð8Þ

Let n* ¼ n=n0; t* ¼ C1½d
2 þ D2�½d 2=3 þ D2=3�1=2aNt and C2 ¼ d 2n0=4D 2N;

then Eq. (6) can be rewritten as

dn*

dt*
¼ 2n* ½1 2 C2 þ C2n* � ð9Þ

The solution of Eq. (9) is

n* ¼

1 2 C2

exp ½ð1 2 C2Þt* �2 C2

; C2 – 1

1

t* þ 1
; C2 ¼ 1

8>>><
>>>:

ð10Þ

Note that Eq. (10) is similar to an equation derived by Mousa (19) for deposition

in simple shear flow.

Case II: Polydisperse Small Particles

Consider that the small particles are polydisperse in size and can be

represented by a log normal distribution of mean size dm and a standard deviation

sm. Dividing this distribution into classes of size di and number ni, then the
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collision frequency of particles in class i with the collector particles, y i, and the

area coverage, u, are given by

y i ¼
9p

2

� �1=3

ðv
2=3
i þ V 2=3Þð�u2

i ðviÞ þ �U;2 ðVÞÞ1=2niN ð11Þ

u ¼
n0

4N

XI

i¼1

d*
i

2
ðn*

0;i 2 n*
i Þ ð12Þ

where d*
i ¼ di=D; n*

0;i ¼ n0;i=n0 is the number of the small particles in class i

at t ¼ 0; n0 is the total number of small particles at t ¼ 0 such that n0 ¼PI
i n0;i; n*

i ¼ ni=n0 and I is the total number of classes. Utilizing Eqs. (11)

and (12) and summing over I, the change of the total number in this case

becomes

dn*

dt*
¼

d
PI

i¼1 n*
i

dt*

¼ 2
XI

i

ðd*2
i þ 1Þðd

*2=3
i þ 1Þ1=2n*

i

( )

� 1 2 C3

XI

i

d
02
i ðn

*
0;i 2 n*

i Þ

( )
ð13Þ

In Eq. (13), C3 ¼ n0=4N and t* ¼ C1D7=3Nat:

Case III: Polydisperse Small and Collector Particles

Assume that the small and the collector particles are both polydisperse and

are log-normally distributed with a mean size and standard deviation of dm and

sm and Dc and sc, respectively. Then the collision frequency between a small

particle in class i with a collector particle in class j, y ij and the area coverage, u

are given by

y ij ¼
9p

2

� �1=3

ðv
2=3
i þ V

2=3
j Þð�u2

i ðviÞ þ �U
2
j ðVjÞÞ

1=2niNj ð14Þ

u ¼ C3

PI
i¼1 d*2

i ðn*
0;i 2 n*

i ÞPJ
j¼1 D*2

j N*
j

ð15Þ
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The change of the total number of small particles using Eqs. (14) and (15)

becomes

dn*

dt*
¼

d
PI

i¼1 n*
i

dt*

¼
XI

i

XJ

j

ðd*2
i þ D* 02

j Þðd
*2=3
i þ D

*2=3
j Þ1=2n*

i N*
j

( )

� 1 2 C3

PI
i¼1 d*2

i ðn*
0;i 2 n*

i ÞPJ
j¼1 D*2

j N*
j

( )
ð16Þ

where d*
i ¼ di=Dc; D*

j ¼ Dj=Dc; N*
j ¼ Nj=N; t* ¼ C1aD7=3

c Nt and J is the

total number of classes of the collector particles.

RESULTS AND DISCUSSION

The change in the total number of the monodisperse small particles that

remain suspended in the liquid vs. the dimensionless time for various values of C2

is shown in Fig. 1. As expected, the total number of the small particles decreases

Figure 1. A plot of n* vs. t* for monodisperse small particles of 50mm in diameter for

various values of C2. The collector particles are monodisperse of diameter ¼ 1500mm.
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continuously until no more deposition can take place. The figure also shows that

larger the value of C2, slower is the decrease in n*. This is because the initial

number of the spherical particles is larger as the value of C2 is larger. Hence, the

driving force for deposition is higher and therefore the collector surface is

covered faster with the spherical particles. Alternatively large values of C2 means

that the number of the small particles is large compared to the collector particles

and hence small surface area to cover. The same behavior was observed for case

II as can be seen in Fig. 2. The spherical particles in this case are represented by a

log-normal distribution of mean diameter 50mm and a standard deviation of 0.3.

The diameter of the collector particles is 1500mm. Similar behavior was obtained

for case III as can be seen in Fig. 3. In this case, both the small and the collector

particles are represented by log-normal distributions. The mean diameter and the

standard deviation of the small particles are 10mm and 0.3, respectively. For the

collector particles, the mean diameter and the standard deviation are 1500mm

and 0.3, respectively. The fractional area coverage for the above three cases are

shown in Figs. 4–6, respectively. To show the change in the distribution of the

spherical particles as deposition proceeds, the particle size distribution at various

values of t* and for the case where C3 ¼ 1000 is plotted in Fig. 7. As can be seen

from Fig. 7, the number of particles, n*
i ; of any diameter di decreases

Figure 2. A plot of n* vs. t* for log-normally distributed small particles of mean

diameter ¼ 50mm and a standard deviation of 0.3 for various values of C3. The collector

particles are monodisperse of diameter ¼ 1500mm.
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Figure 3. A plot of n* vs. t* for log-normally distributed small particles of mean

diameter ¼ 50mm and a standard deviation of 0.3 for various values of C3. The collector

particles are log-normally distributed with a mean diameter of 1500mm and a standard

deviation of 0.3.

Figure 4. A plot of the area coverage, u vs. t* for monodisperse small particles of 50mm

in diameter for various values of C2. The collector particles are monodisperse of

diameter ¼ 1500mm.
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Figure 5. A plot of the area coverage, u vs. t* for log-normally distributed small particles

of mean diameter ¼ 50mm and a standard deviation of 0.3 for various values of C3. The

collector particles are monodisperse of diameter ¼ 1500mm.

Figure 6. A plot of the area coverage, u vs. t* for log-normally distributed small particles

of mean diameter ¼ 50mm and a standard deviation of 0.3 for various values of C3. The

collector particles are log-normally distributed with a mean diameter ¼ 1500mm and a

standard deviation of 0.3.
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continuously with time. The decrease is faster as the initial number is larger and

the maximum change being around the particles that have the highest probability

(around the mean). This is because the collision frequency is proportional to the

number of the particles (see Eqs. (2), (11), or (14)).

The effect of the mean spherical particle diameter on the rate of deposition

for case II is shown in Fig. 8. The number of spherical particles vs. t* for the case

where the mean diameters are 10, 30, and 50mm are plotted in Fig. 8. The

standard deviation for the three distributions is 0.3, the value of C3 ¼ 2000 and

D ¼ 1500mm: As can be noticed from Fig. 8, the smaller mean diameter

possesses the faster rate. This is because the geometrical area of a small particle is

small too. Hence, large number of the small particles is needed to cover a given

surface area of the collectors compared to the large particles, therefore its number

drops faster. The same result was obtained for the case where the collector

particles are polydisperse as can be seen in Fig. 9.

The effect of the collector diameter on the deposition rate for case II where

the small particles are polydisperse with mean diameter of 50mm, a standard

deviation of 0.3, and C3 ¼ 2000 is shown in Fig. 10. As can be noticed from

Fig. 10, the larger the mean diameter the faster is the deposition rate. The reason

for this is that the larger the collector diameter the larger is the available area for

Figure 7. The change in the size distribution of the small particles for various values of

t*. The initial distribution of the small particles is log normal with a mean diameter of

50mm and a standard deviation of 0.3. The collector particles are monodisperse of

diameter ¼ 1500mm. The value of C3 is 1000.
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Figure 8. The effect of the mean diameter of the small particles on the change of n* vs.

t*. The small particles are log-normally distributed with a standard deviation of 0.3 and a

mean diameter as indicated in the figure. The collector particles are monodisperse of

diameter ¼ 1500mm. The value of C3 is 2000.

Figure 9. The effect of the mean diameter of the small particles on the change of n* vs. t*.

The small particles are log-normally distributed with a standard deviation of 0.3 and a mean

diameter as indicated in the figure. The collector particles are log-normally distributed with

a mean diameter of 1500mm and a standard deviation of 0.3. The value of C3 is 5000.
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deposition and hence more small particles are lost from the suspension by

depositing on the collectors’ surface.

It is worth mentioning that the deposition efficiency can be determined by

comparing theoretically the calculated values of n* vs. t* with experimentally

measured values of n vs. t. Thus, by knowing the initial distribution and the mean

diameter of the small and the collector particles and to the operating conditions,

the value of a can be estimated (19,25).

It should be noted that turbulence enhances deposition due to the following

reasons: firstly, the collision frequency (number of collisions per unit time per

unit volume) increases since the later is proportional to the rotational speed. This

gives the particles (the small and the collector ones), a higher chance to meet.

Secondly, in turbulent flow the small particles attain larger kinetic energy; hence

they can overcome the energy barrier, which enhances deposition. Thirdly, the

collision efficiency, a, is proportional to the rotational speed (21) whereas in

simple shear, a decreases as the shear rate increases (26).

CONCLUSIONS

Theoretical expressions describing the loss of small particles by deposition

on collector particles in turbulent flow have been derived. The study considered

Figure 10. The effect of the monodisperse collector mean particle diameter on the

change of n* vs. t*. The small particles are log-normally distributed with a mean size of

50 mm and a standard deviation of 0.3. The value of C3 is 2000.
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three cases: monodisperse, small, and collector particles (case I), the small

particles are polydisperse whereas the collector particles are monodisperse (case

II), and the small and the collector particles are both polydisperse (case III). The

results showed that higher deposition rates results when the mean diameter of the

small particles gets smaller and when the mean diameter of the collector particles

gets larger.

NOMENCLATURE

C constant, dimensionless

C1 constant, dimensionless

C2 constant, dimensionless

C3 constant, dimensionless

d solid particle diameter (m)

dm mean diameter of the solid particles (m)

D collector particle diameter (m)

Dc mean diameter of the collector particles (m)

K constant used in Eqs. (3) and (4), dimensionless

L impeller diameter (m)

n number of suspended particles/unit volume (m23)

n0 number of suspended particles/unit volume at t ¼ 0; (m23)

ns number of solid particles deposited on the collector surface/unit volume

(m23)

N number of collector particles/unit volume (m23)

Re Reynold’s number based on the vessel diameter, dimensionless

t time (sec)

ū2(v ) mean square velocity of particle of volume v (m/sec)

Ū2(V ) mean square velocity of particle of volume V (m/sec)

v volume of the solid particle (m3)

V volume of the collector particle (m3)

Greek Letters

a collision (deposition) efficiency, dimensionless

1 energy dissipation (J/kg-sec)

sc standard deviation of the log-normally distributed collector particles,

dimensionless

sm standard deviation of the log-normally distributed spherical particles,

dimensionless

u area coverage, dimensionless

y collision frequency, (1/sec)

v stirring speed, (1/sec)
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Subscript and Superscript

0 initially at t ¼ 0

i,j class I or j

* dimensionless parameter
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